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■ Abstract 
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^sO , By taking the interacting spinor-scalar theory on the AdSd+i space we calculate 

| the boundary CFT correlation functions using AdS/CFT correspondence. 

o ■ 

oo : 

1 Introduction 

The correspondence between field theories in (d+l)— dimensional Anti-de Sitter space and 
d— dimensional conformal field theories has been studied in various aspects in the last few 
months. This correspondence has been conjectured in the large N limit of superconformal 
gauge theories and the supergravity on AdSd+i spaces |J and also has been studied in 
^ . in connection with the non-extremal black-hole physics. This suggested correspondence 
has been made more precise in |3|, f|, [5]. The partition function of any field theory on 
AdSd+i defined by, 

Z A dslM = I Vct>e- S ^\ (1.1) 



where 0o is the finite field defined on the boundary of AdSd+i and the integration is over 
the field configurations that go to the (f)Q when one goes from the bulk of AdSd+i to its 
boundary. According to the above mentioned works, Z^ds is identified with the generating 
functional of the boundary conformal field theory given by, 

^W=<e^^°S, (1.2) 

for a quasi-primary conformal operator O on the Mj, boundary of AdSd+i- This corre- 
spondence were given in 0] for a free massive scalar field and a free U(l) gauge theory. 
Some other examples as interacting massive scalar, free massive spinor and massive in- 
teracting vector-spinor cases are studied in |§, and [|] respectively. Also for classical 
gravity and type-IIB string theory one can refer to H [10], |TTJ. In all these cases, the 
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exact partition function ( |1 . 1| ) is given by the exponential of the action evaluated for a 
classical field configuration which solves the classical equations of motion. The result of 
calculations shows that the evaluated partition function is equal to the generating func- 
tional ( |1.2| ) of some conformal field theory with a quasi-primary operator with a certain 
conformal weight. 

The purpose of this letter is to investigate the above correspondence in the case of 
interacting spinors-scalars theory. The natural motivation for this study comes from the 
importance of non-linear SUSY theories living on the world-volumes of D-branes, namely 
super symmetric DBI actions. The tension of D-branes is involved by (0 dilaton 
field) and by noting different powers of fermions in the action one can find vertices with 
different numbers of spinors and scalars. Even in the low energy limit which DBI action 
is approximated by SUSY gauge theories, the gauge coupling constant is involved by e^ 
and so the terms with quadratic in spinors and different number of scalars will appear. 

In particular, we calculate the boundary CFT correlation functions using AdS/CFT 
correspondence to be in agreement with CFT expectations. In the case of correlation 
functions with quadratic in spinors we found that they are generated only from a surface 
term introduced in ]7| to prevent the vanishing on-shell action. This observation is done 
also in |8j for the vector-spinor theory. 



2 On-shell action 

Let us start with the following action for the interacting spinors-scalars theory which may 
be taken as a generalization of Fermi's four fermion theory on the AdS^+i, 



where 



S — Sb + Sf + Si n t, (2-1) 

S b = J Ads d d+1 xVG^((V<P) 2 + M^ 2 ), (2.2) 

= I d d+1 x\ZG($(p- Mf)>ib) +Klim / d d x\fGM, (2.3) 

JAdS v J t-*0JM* V 



'int 



jAdS \n=0,m=0 J 



(2.4) 



with A2,o = 0, k is a constant and M\ is a closed d— dimensional submanifold of AdSd+i 
which approaches the boundary manifold Md of AdSd+i as e — > 0. The equations of 
motion in the bulk of the AdSd+i are given by, 



(V 2 - 


M 2 )0 = 


E 

n=0,m=0 


(p- 


Mf)ijj = 


oo 

- E 

n=0, m: 




-M f ) = 


oo 

- E 

n=0, m: 



\ti jjm— 1 



(2.5) 
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The necessity of adding the Sfi to Sf in the interacting theory on AdSd+i is as follows 0: 
it can be shown easily that the quadratic spinor terms in action vanish with on-shell fields. 
So in calculating the partition function the correlation functions which are quadratic in 
spinors can not be generated. As we show in the following, only surface term in the action 
is responsible to generate the correlators with quadratic in spinors. In fact the surface 
term is sufficient to produce correlation functions quadratic in spinors and at tree level 
no modification of the action is required. 

We use the AdSd+i space which is represented in x = (x , x) coordinates by the domain 
xq > and its metric is given by, 

ds 2 = At f (dx ) 2 + dx ■ dx) . (2.6) 

x v ' 

The boundary Md is the hypersurface xo = plus a single point at xq = oo and the metric 
on the Md is conformally flat dx ■ dx. Also we have y/~G = and \[G~ t = e~ d . By 

introducing the Green's functions as 1 

(V 2 -M^(v') = ^, (2.7) 
(p- M f )S(x, x') = 6< " X ~ ^ , (2.1 



S(x 


-x') 


V 


r G ' 


8{x 


-x 1 ) 


V 


' 


S(x 


-x') 


Vg 



S(x,x'){-p-M f ) = v = \ (2.9) 



one can represent the solutions of equations of motion as || [7|, || 



iM d dx 

+ / d d+1 x'VGg(x,x') V mA 2n , m (^(i') ? /;(a;'))> m " 1 (i'), (2-10) 

JAdS .. _ „ 



AdS n,m=0 

Mx) = -e~ d ( d d x'S(x,x')ij)Jx') 

JM d 



d d+1 x'VGS(x,x')^(x') ]T nX 2ntm ^(x')ip(x')) n ~ 1 cj ) m (x'), (2.11) 



AdS n,m=0 

$( x ) = -e- d [ d d x'$ + (x')S(x',x) 

JM d 



oo 

d d+1 x'VGtP(x')S(x',x) nA 2n , m (V'(a; / )V(x , )) n ~V m (^), (2-12) 

AdS n,m=0 



where ip+(x) and ij)-(x) are the boundary value of fields ip{x) and ip(x) with Tqi/}-(x) = 
—ip-(x) and tp + (x)T = ip+(x). 
By defining 

<p(°\x) = e- d [_ d d x'^\ X0=e Ux'), (2.13) 



M d dx 

1 The explicit form of S, S and Q can be found in [m, 0, w. 
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^°\x) = -e- d d d x'S{x,x')^(x'), (2.14) 

JM d 

fl°\x) = -e- d f d d x'$ + (x')S(x',x), (2.15) 

JM d 

one finds that 4>^\ ^ an d ^ satisfy the free equations of motion, so external legs in 
Feynman diagrams should be replaced by them. In a Born approximation one finds for 
the solutions of equations of motion as 

<f>{x) = (o) (x) + (1) (x) + O(A 2 ), (2.16) 

tP(x) = tfj {0) (x) + ij {1) (x) + O(X 2 ) (2.17) 

$(x) = iJ i0) (x)+^ 1) (x) + O(X 2 ) (2.18) 

with 



W(x)= l ^d d+1 x'VGg(x,x') J2 rn\ 2n , m {^ Q \x')^\x')) n {^\x')) m -\ 

(2.19) 



AdS n,m=0 



^)( X ) = - d d+1 x'\fGS(x,x')^\x') Y n\ 2nm (^\x')^\x')) n ~\^\x')Y\ 

(2.20) 

. oo 

<$M(x) = - I^J d+1 x'VG4> (0 \x')S(x',x) £ nX 2nim (^ \x')^°\x')) n - 1 (^ \x')) m . 

(2.21) 



AdS n,m=0 



By inserting the solutions ( 2.16 ), Q2.17Q and ( 2.18|) in the action and using the definitions 



( f2.13j ), ( |2.14|) and ( |2.15| ) and equations of motion one finds for the action Q 
Son shell = K,\im d d xJG t ^ ( + ) 'il) { L ) 

a 

+ / d d+1 xVG\ V (l-n + 2n/ t )A 2n , m (^ (0 V 

+ 0(A 2 ), (2.22) 
which shows that the on-shell action finds quadratic terms in spinors (n = 1) only via the 



surface term in (|2.1|). It also shows that the other non-quadratic terms are multiplied by 



a constant involving n. 

3 Correlation functions 

3.1 (2n, 0)— point functions (pure spinor) 

The boundary term ( |2.22|) gives the correlation function of a pseudo-conformal operator 
O a and its conjugate O 13 on the with the following two-point function 

< O p {x)O a {x') >= Q a P{x, a?), (3.1) 

2 From now we ignore the pure scalar terms which have been studied in detail in 
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where Q(x, x') = 2^ 2 Y{M f + 1/2) /T(M f + ^) \ x - x< \- d -^ M s (f _ x') ■ V. 

Now, the interaction term in ( |2.22|) gives a contribution to the partition function as 



Z AdS [ip+,ip-} = exp ( - 5^(1 -n + 2nK)A(2„,o) / d 

V n=2 J 



■d+l v Jn-l)(d+l)+2nM f 

Jb Jbc\ 



2n 



n ^wrr-i — , 2 , d+1+Mf n ^ + (^-i)(y 2 ,-i - m) ■ iv_(i^-) , (3.2) 

i=i (xg + |x — 2/i| 2 ) 2 +AJ / i= i / 
from which one can find the (2n, 0)— point function, 

G(2n,o)(vi, y2n)nu-,vn tn = (1 - n + 2nK)A (2 „, ) / x j ) n - 1 )( c(+1 ) +2nM / 



2n i n 

n , , . x n((^-i - ft,-) • r)^„ 1M23 (3.3) 

By using the Feynman parameter technics one can find B 



J d d+1 x 



2> V 2 



n£ 1 (*8+ | x - yt | 2 )a. " 2n,r(A, 



/"°° 11 
x / (fax ■ ■ ■ da n (5(y^ Qj — 1) =^ — . (3.4) 

JO /_ n \ ^ — - 

Putting Aj = A' = + Mf for all i one may change the (2n, 0)-point function ( |3.3| ) to 
a similar form which is suitable to investigate the conformal properties. 
For n = 2, i.e. the (4, 0)— point function we have 

d r(2A' — -)r(2A') r 4 4 

G(4 >0 )(yi,y2,y3,y4)a,p,i,8 = (-1 + 4/t)A ( 4,o)vr5 2 r 4 ('A / ) y Y[dai8(J2oti - 1) 



i=l i=l 



x (aia 2 Qj 3 Qi4) A, ~ 1 (yi2 • r) a/ j(y 34 ■ T) 7 g ^ 5 ^ 

(ai«22/l2 + «1«32/13 + «l«4l/l4 + Oi20i^h + «2«4l/24 + «3«4Z/34) 2A ' ' 

where it can easily be shown that G(4,o) has all appropriate conformal symmetries such 
as translation, scaling and inversion. To test inversion, we can write (|3.5| ) as follow, [§] 

^(4,0) 1/2, V3, yi)a,/3,-y,S = (~1 + 4«) A( 4 , ) 



r(2A' - f ) (2tt)3 

r ( 2A ') ('/CI I, ,</,, 



^7(^12 • r) a/3 (y 3 4 • r) 7 5 



x / dzF{M, A'; 2A'; 1 - " ~c ^ z \ ( 3 - 6 ) 

where rt = yi2V34 and £ = yi2mi . Expanding the above relation in terms of we have 

' 2/142/23 ' 1/132/24 ^ ° 

G r (4,0)(2/l,2/2,Z/3,2/4)a,/3, 7 ,5 = (-1 + 4/c)A( 4 ,0) 

r(2A'-|) (2tt)I 



r / 9A A 2 / crr 7IZ7^ 12 ' r W(#34 • 



r 



7<5 



x | dzF(A', A'; 2A'; 1 - - — sinh 2 z), (3.7) 
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where 2Af = A' — 1 = d + 2Mf and y~ij is the unit vector along yij, which shows the 
invariance of (4,0)— point function under inversion. 



3.2 (2n, m)— point functions (spinor-scalar) 

Here, we calculate the spinor-scalar (2n,m)— point functions of boundary CFT. By using 
the relations ( |2.4|) , (|2.11|) , (|2.12| ) and the following relation for the bosonic field configu- 



ration in the bulk of AdSd+i, 



(x) = cf d d x'<t> {x*)( X ° _ ) (3i 

JM d \Xo + \x — x'r) 



where 0o is the bosonic field <j>{x) on the boundary and Aft = d/2 + yM fc 2 + ^ and 
c = w d/2^^f_ d / 2 ) i one can calculate the partition function to be 

(oo 
- (1 -n + 2riK)\ { 2n,m) 

n=l,m=l 

r r m 1 

/ *» x x -~^ J n ^ w+l ;_ zt|2)A > w 

/2n i n \ 

II ^T^H ^a~T^ II My-iKfe-i - V2j) ■ r^(y 2j ) , (3.9) 
i=i (xg + |ar - yi| 2 ) A/+ 2 j=1 I 



from which one can find the (2n, m)-point functions 

G(2n,m)(yi, • • • , 2/2n; Zl, • ' ' , Zm)/xi,-,Ma» = (1 ~ 71 + 2nK)A( 2 n,m) 
^+1^ ^-('i+l)+n+2nA / +mA i) 

m -y 2n y n 

(3.10) 

By using the relation ( |3.4| ) and taking 

A 1 = ... = A n = A / + -, 
J 2 

A n+ i = . . . = A A r =n+m = Aft, (3-11) 

one can obtain the explicit form of the (2n, m)-point functions. For n = 1 and m = 1 one 
finds 

l+2A /+ A 6 -d ^ 1+2A /+ A b ^ 

G2,i(yi>2fc;z)7.« = 2«a 2 ,i 2r 2 (Aj + 1 )r(Aj,) 2 Jo daida2da 3 6 C52 ai ~ x ) 

A /-| A /-5 A 5 -l 

eti a 2 a 3 , . 

X - Sfe) 2 + ^ - *) 2 + «2« 3 (l/2 - z)2)(l+2A /+ A 6 )/2 ' ^ 7<5 ' t 3 " 12 ) 



The integrals over a's can be done 

;rir( 1+2A/ +A "~ d )r( 1+2A f +Ab ) 

G 2 ,i(yi,y2;z)j <s = 2kA 2 ,i — ' ' 



x 



2T*(A f + |)r(A 6 ) 
(yi - 2/2 )^/-^(?/i - z ) Ab (y2 - {yi2 ' 



where i? is the beta function and yu is the unit vector in the direction (yi — 7/2) ■ 
The calculation of (2, 2) correlation function can be done as above. 



4 Conclusion 

In this paper we apply the conjectured AdS/CFT correspondence to spinor-scalar in- 
teracting field theory. In this way we calculated the pure spinor and mixed spinor-scalar 
boundary CFT correlation functions. In all cases were done explicitly we found agreement 
with CFT expectations. 

Our main result is related to the correlators with two spinor and any number of scalars 
which were introduced in the text as (2, m)-point functions. It is observed that (2, m)- 
point functions come only from a surface term introduced in |7J (which is added to prevent 
the vanishing of the on-shell free action), and no more modification is required. So we 
found that no modification is required to get (2, m) CFT correlators up to the first order 
of perturbation. 

Also the effect of the surface term on the other correlators (2n, m) (n > 2) found to 
be a multiplicative constant. 
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